By including the strong isospin symmetry breaking effects and the electromagnetic contributions between the pseudoscalar mesons, we calculate the phase shifts of the P -wave ππ and Kπ scattering up to O(p 4 ) in the framework of the SU(3) chiral perturbation theory (ChPT) and coupled channel inverse amplitude method. We re-fit the low energy constants with the present meson-meson scattering data and derive the mass differences for the charged and neutral iso-multiplets of ρ and K * . Our results show that the mass difference between ρ ± and ρ 0 is very small while the mass difference between the charged and neutral K * can reach a relatively large value of m K * 0 − m K * + = 2.91
I. INTRODUCTION
The mass splittings among iso-multiplets has been recognized as one of the predominant features of isospin breaking effects. They can generally be attributed to two mechanisms. One is due to the u-d quark mass difference, and the other is due to the electromagnetic (EM) interactions that contribute to the charged and neutral multiplets differently. However, although the sources for isospin symmetry breaking are known, quantitative evaluations of the isospin symmetry breaking effects in specific processes sometimes are nontrivial. In this work we will study the mass splitting between the charged and neutral iso-multiplets of ρ and K * . We will focus more on the mass splitting between K * ± and K * 0 caused by the isospin symmetry breaking since it is still full of controversies in both experiment and theory. The masses of both K * 0 and K * ± have been measured in experiment. From Particle Data Group (PDG) the averaged value for the neutral state is 895.55 ± 0.20 MeV [1] of which the most recent high-precision measurements were from D meson decays at BESIII [2] , BaBar [3] and CLEO [4] . In contrast, early measurements from pp scatterings or meson-baryon scatterings contain large uncertainties as listed in PDG [1] . For the charged K * mass measurements two different averaged values are listed. One is extracted from hadron produced processes with a value of 891.66 ± 0.26 MeV [1] , and the the other one is measured in τ decays with a value of 895.47 ± 0.20 ± 0.74 MeV [5] . The puzzling observation is that the mass values of the charged K * extracted in these two typical processes turn out to be dramatically different. Namely, in one case it appears to have about 4 MeV mass difference compared to the neutral one while and in the other case it becomes almost equal to each other. The mass difference between these two groups of measurements, which is about 4 MeV, can be regarded as significant. In contrast, the mass difference provided by PDG using only hadroproduction data [6, 8] yields m K * 0 − m K * ± = 6.7 ± 1.2 MeV, which is even larger. These controversies suggest that a reliable measurement and less model-dependent calculations are both needed to clarify this mysterious situation about the K * isospin breaking effects. Early calculations of the isospin breaking effects among SU(3) flavor multiplets were done in the quark model based on the SU(6) spin-flavor symmetry [9, 10] . A consequent relation is m K 0 − m K ± = m K * 0 − m K * ± ≃ 4 MeV, which seems to be a reasonable perspective. However, later calculations using QCD-based constituent quark model (CQM) led to rather different answers [11] [12] [13] [14] [15] [16] . In particular, both relativistic and nonrelativistic CQM favor a smaller value of about 2 MeV mass difference for m K * 0 − m K * ± [14, 15] . In recent years, chiral constituent quark model [17] is also applied to the study of the K * (892) mass splitting and their results also favor a relatively small mass difference which is about 1.31 ± 0.56 MeV [18] [19] [20] and significantly smaller than m K 0 − m K ± .
In Refs. [21] [22] [23] a heavy vector meson effective theory was developed in the framework of chiral perturbation theory (ChPT) [28] [29] [30] [31] [32] by including the vector mesons as massive fields interacting with the light mesons. This allows an
II. THE CHPT FORMALISM
We first briefly introduce the ChPT Lagrangians adopted in this work. The leading order ChPT Lagrangian for the pseudoscalar mesons has the same expression as that in the isospin symmetry limit [26, 41, 45] and is written as the following:
where F 0 is the decay constant of pseudoscalar mesons and U (x) is expressed as:
with Φ(x) denoting the pseudoscalar meson octet matrix:
For the traditional ChPT the mass matrix χ is a diagonal matrix with the bare masses of π and K or the bare masses of the u (d) and s quark. In the limit of isospin symmetry the bare masses of the u and d quark are the same. With the isospin breaking considered, the mass matrix χ should be rewritten as: 
where m 0P (with P = π, K) stands for the bare mass of the corresponding pseudoscalar meson. When taking the isospin symmetry limit, the mass matrix returns to the normal form [30] [31] [32] 45] with the expressions m 0π + = B 0 (m u + m d ), m 0K + = B 0 (m u + m s ) and m 0K 0 = B 0 (m d + m s ) [51] . In addition, the covariant derivative is adopted in Eq. (1) in order to include the EM contributions. Then the next leading order, O(p 4 ), Lagrangian is written as: The term of L 9 comes from the EM interaction and does not appear in Refs. [26, 41, 45] due to the neglect of isospin breaking effects there. Figures 1 and 2 show all the Feynman diagrams for the meson-meson scattering up to O(p 4 ) including the "pure chiral" interaction and EM interaction. We collect the amplitudes in several parts below: 
where T tree 2
and T tree 4
represent the O(p 2 ) and O(p 4 ) contributions from the tree diagrams of the "pure chiral" interaction, respectively. It should be stressed that T 
where Z p is the wave function renormalization constant and the subscript p represents the mesons of external lines. The superscript i represents the sequence number of external lines. In our calculation, the renormalized masses of the pseudoscalar mesons have the following expressions: (2L 6 − L 4 ) + 8m
where
with p = π, K, η. In our calculation the renormalization scale µ takes a value of 770 MeV. The wave function renormalization constants (only the finite part) of pseudoscalar mesons is written as: 
The meson decay constants with corrections to one loop is written as:
Considering the difference of decay constants between charged and neutral mesons is about 1%, we set f π 0 = f π ± and
We have also considered the isospin breaking effects for mass renormalizations and wave function renormalizations of the neural and charged mesons, respectively. Eq. 8 and Eq. 10 will turn into the usual expression [45] in the limit of isospin symmetry. Although we show all the Feynman diagrams of EM interaction up to O(p 4 ) in Fig. 2 (Note that the leading order of EM contribution is O(α)), we only calculate the amplitudes of tree diagrams of O(p 2 ) noted by T
III. UNITARY AND PARTIAL WAVES

A. Unitary
The S matrix is unitary i.e. SS † = 1. In the case of two dimension coupled channel, S can be organized as 2 × 2 matrix
where δ i (i = 1, 2) are the phase shifts which we will focus on and η is the inelasticity. The T -matrix elements T IJ ij are related to S matrix elements through the equation
where T 12 = T 21 and σ i is the phase space of that state at √ s and given by
where p n is the on-shell center of mass (c.m.) momentum of the meson in the intermediate state n and m 1n , m 2n are the masses of the two mesons in the state n. Note that we omit the I (isospin) and J (partial wave) labels for the T matrix just for convenience. Based on the unitary of S matrix, the T matrix satisfies
where Σ is a real diagonal matrix and written as:
Next, considering in ChPT that the T matrix can be expanded in powers of p 2 , i.e. T ≃ T 2 + T 4 + . . . and combining Eqs. (15) and (18) together, we have
Then, we could have
which leads to
Now we deduce the expression of the T matrix in terms of T 2 and T 4 . From Eq. (15) we can easily obtain
Then, we have
Note that N = 2 is for processes ππ → ππ and ηη → ηη, and N = 1 for other process. We emphasize that the mass differences of the pseudoscalar mesons are reserved as mentioned before in the final calculation and they reflect the effects from the isospin symmetry breaking. Taking π + π − → π 0 π 0 as an example, the tree level amplitude of O(p 2 ) is expressed as
with the isospin symmetry breaking manifested by the pseudoscalar meson masses. In contrast, in the isospin symmetry limit the amplitude has a form of
which is equivalent to Eq. (39) by taking m π ± = m π 0 = m π , i.e. the isospin symmetry limit. For the amplitudes of O(p 4 ) similar relations also exist. Furthermore, there are additional terms in both the tree and loop amplitudes that are proportional to the mass differences of the iso-multiplets. For instance, a typical term in the tree amplitudes manifests itself in the term proportional to L r 7 as follows:
In the loop amplitudes, one finds
Such terms would vanish in the limit of isospin symmetry. In brief, we obtain the partial wave amplitudes with the isospin symmetry breaking properly taken into account. It also confirms the formulation of Ref. [45] in the isospin symmetry limit. In view of the complication of the full amplitudes, we include all the independent amplitudes in the Appendix for the convenience of readers. In the analytic calculation of loop diagrams, we have used the Mathematica package FeynClac [46, 47] .
IV. RESULTS AND DISCUSSION
The P -wave π + π − scattering phase shift has been measured in experiment with high precision [49] where the presence of the ρ 0 pole is evident. Unfortunately, the measurements of the phase shifts are only available for the neutral channel. For the mass splitting question that we focus on in this work, the measured mass difference m ρ 0 − m ρ ± = −0.7±0.8 MeV [1] is close to zero, which implies that the phase shift for the P -wave π ± π 0 channel should yield a similar result as the neutral channel. Taking into account that the leading EM contribution is absent in the π ± π 0 channel, it shows that the combined isospin breaking effects on the ρ meson mass splitting is small. This can eventually provide a useful strategy for us to fit the chiral parameters and extract the mass difference for the K * . Moreover, note that the isospin breaking and EM effects, as subleading contributions, are small corrections arising at O(p 4 ). Therefore, the low-energy constants L r i determined in Ref. [45] in the isospin symmetry limit should not change dramatically in comparison with those to be fitted here with the isospin breaking considered.
As a test of this expectation, we first adopt the values of the low energy constants given in Ref. [45] to calculate the P -wave ππ and Kπ phase shifts but excluding the EM contributions. The results are plotted in Fig. 3 to compare with the experimental data for the P -wave π + π − scattering [49] and K + π − scattering [48, 52] . The neutral channels are illustrated by the red solid lines and the charged channels are shown by the blue dashed lines. It shows that the P -wave π + π − scattering data [49] can be described well by both curves on the left panel. This comparison is informative and the following points can be learned:
• Since the red curve on the left panel of Fig. 3 do not include the EM contributions, the difference between these two curves are due to the strong isospin breaking.
• As shown by the measurement of the charged and neutral ρ meson masses, i.e. m ρ 0 − m ρ ± = −0.7 ± 0.8 MeV [1] , it suggests that the combined isospin breaking effects from the strong and EM sources should be small. This eventually imposes a constraint on the EM contributions in our treatment. Namely, the inclusion of the EM contributions should not bring in significant deviations from the measured mass difference between the charged and neutral ρ mesons.
• This above constraint can be implemented into the calculations for the P -wave Kπ scatterings with which the combined strong and EM isospin breaking effects can be reliably evaluated.
• Without the inclusion of the EM, there appears a quite significant mass splitting between the charged and neutral Kπ channels in the phase shifts as shown by the red solid and blue dashed lines on the right panel. Also, note that there are even more significant discrepancies between these two measurements of the K + π − phase shift from Refs. [52] and [48] which are denoted by the full dots and full triangles in Fig. 3 (b) , respectively. This actually makes it difficult to accommodate these two sets of data in the overall fit and also indicates the strong requirement for an update of the Kπ phase shift measurement.
Based on the above observations, we re-fit the π + π − and K + π − phase shifts and take the measured mass difference m ρ 0 − m ρ ± = −0.7 ± 0.8 MeV [1] as a constraint on the EM contributions. We then use the fixed low energy constants to predict the phase shifts of the charged Kπ channel from which the mass splitting between the charged and neutral K * can be extracted.
To proceed, let us recall that the leading EM contributions from Figs. 2 (a) and (b) contains Coulomb divergence. An empirical treatment is to cut off the forward scattering angle by a cut-off parameter to avoid complicated summation of higher loop contributions. This is understandable since the pion and kaon are not fundamental particles. In the small momentum transfer region, i.e. at the forward scattering region with small scattering angles, the size effects of the hadrons would become non-negligible. Physically, the convolution of the hadron wavefunctions will naturally cut off the Coulomb divergence, which is equivalent to the summation of higher loop contributions in a renormalization scheme. We adopt the minimal value of the scattering angle θ as the cut-off parameter for the EM contributions. Its value is constrained by requiring that the dynamically generated charged and neutral ρ mesons in the ππ scattering have the difference within the experimental range of m ρ 0 − m ρ ± = −0.7 ± 0.8 MeV [1] . This constraint yields θ min = 30
• . In Tab. I we list the fitted low energy constants to compare with those determined in Refs. [24] [25] [26] 45] . It shows that our fitted low energy constants are in good agreement with those fitted by Ref. [45] . With the isospin symmetry breaking and EM effects considered some of those parameters which are sensitive to certain partial waves in mesonmeson scatterings can be well constrained. Several novel features arising from this study can be learned:
• As shown in Tab. I, the errors of L r 1 ∼ L r 5 are dramatically small in comparison with other studies [26, 45] . This is reasonable and can be examined explicitly by looking at the corresponding terms proportional to the given in Ref. [45] . The red solid line represents the neutral channel and the blue dashed line represents the charged channel in (a) and (b). The experimental data for ππ is extracted from Ref. [49] (full dots in (a)) and for Kπ are extracted from Refs. [52] (full dots in (b)) and [48] (full triangle in (b)). L r i cutoff fit [26] isospin limit [45] NNLO fit [24] our fit result * This is the value of 2L r 6 + L r 8 which is considered as one parameter in Ref. [26] . ** The value of L r 9 is given by Ref. [25] .
low energy constants. For instance, by comparing the terms proportional to L r 1 in ππ → ππ in the charged and neutral channel one can see the difference arising from the strong isospin symmetry breaking, i.e.
Note that for the same s, apart from the pion mass difference the Mandelstam variables t and u are also different in these two channels. It shows that without the consideration of the isospin symmetry breaking effects such discrepancies will be absorbed into the low energy constants and thus result in relatively large errors in the numerical fitting.
• In contrast, the errors of L • Note that L r 9 contributes due to the presence of EM interactions. Its error is correlated with the uncertainty arising from the cut-off angle θ. In another word, since we have fixed θ min = 30
• the uncertainties of the EM contributions will be absorbed by L r 9 in the numerical fitting. This problem can be avoid if independent measurements of different isospin channels are available. 
FIG. 4: (colored)
. The phase shifts calculated in our formalism by fitting the experimental data for π + π − from Ref. [49] (full dots in (a)) and for K + π − from Refs. [52] (full dots in (b)) and [48] (full triangle in (b)). The red solid and blue dashed line represents the neutral and charged channels, respectively. Note that these two curves in (a) are almost overlapping due to small differences. The thin blue dashed line in (b) is the prediction for the P -wave K + π 0 channel.
In Fig. 4 we show the phase shifts for the P -wave ππ (left panel) and Kπ (right panel) scatterings. As described earlier the π + π − and π + π 0 channels have an additional constraint from the measured mass difference between the neutral and charged ρ meson. Thus, the two curves on the left panel can be regarded as the fitting results for the ππ channel based on our formulation. The red solid line on the right panel denotes the K + π − channel which is also given by the numerical fitting. With the fitted parameters, we can then make a prediction for the charged Kπ scattering channel as indicated by the blue dashed line on the right panel (Fig. 4 (b) ). The experimental data for π + π − from Ref. [49] (full dots in (a)) and for K + π − from Refs. [52] (full dots in (b)) and [48] (full triangle in (b)) are also presented.
Taking a closer look at the results presented in Fig. 4 , one finds that the isospin breaking effects between ρ 0 and ρ ± is rather small and the two phase shifts for the π + π − and π + π 0 can hardly be distinguished. This is due to the constraint of m ρ 0 − m ρ ± = −0.7 ± 0.8 MeV [1] . For the Kπ scattering, the relatively large errors with the data from Ref. [48] and significant discrepancies between the measurements from [48] and [52] result in quite large reduced χ 2 , i.e. χ 2 /d.o.f = 20.17. However, one sees that the red solid curve in Fig. 4 can well describe the high-precision data from Ref. [52] .
With the fitted parameters and phase shifts, we can then extract the pole masses for these iso-multiplets and the results are listed in Table II . One notices that the central values extracted from the phase shifts are slightly different from those provided by PDG. But they are in agreement with each other within the uncertainties. The uncertainties are given by the errors for the fitted parameters. To illustrate more clearly the uncertainties with the phase shifts, we plot in Fig. 5 With the error transfer formulas (first-order series approximation)
we finally obtain the mass differences: m K * 0 − m K * + = 2.91
MeV, which is close to the result of Ref. [22] . As a self-consistent check of our formalism, we also extract m ρ 0 − m ρ ± = 0.050
MeV which is consistent with the experimental value: m ρ 0 − m ρ ± = −0.7 ± 0.8 MeV [1] , although the exact sign cannot be determined here. 
The black thin-solid lines represent the center value of the corresponding phase shift. In the framework of chiral perturbation theory and the coupled channel inverse amplitude method, we do a full calculation of the P -wave ππ and Kπ scattering amplitudes up to O(p 4 ) including the strong isospin breaking effects and EM contributions. With the experimental data for the π + π − and K + π − phase shifts and constraint on the charged and neutral ρ meson masses, we succeed in re-fitting the low energy constants of the ChPT, which allows us to extract the mass difference between the neutral and charged
MeV. This result favors a relatively large mass splitting between the neutral and charged K * and should be useful for clarifying this long-standing puzzle. Meanwhile, our study also shed some lights on the determination of these low energy constants. We show that the isospin symmetry breaking can impose more stringent constraints on some of these low energy constants. This calls for experimental measurements of the phase shifts in charged channels which seem to have been overlooked in recent experimental efforts. In particular, we would suggest that the large data sample for τ at BESIII should be able to provide a high-precision measurement of the P -wave K − π 0 phase shift.
We list below the necessary loop integrals as the supplemental details for the calculations:
and
Appendix B: Amplitudes
In this Appendix we collect the analytic expressions of the related meson-meson scattering amplitudes. Since we consider the explicit isospin symmetry breaking effects and the electromagnetic contributions, we need to calculate 13 independent amplitudes. However, with the SU(3) chiral symmetry, the numbers of independent amplitudes will reduce to 8. In the following expressions, we use m π,k,η to represent the masses of the corresponding neutral mesons, while m π + ,k + are the masses of the charged ones. 
